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The main purpose of this note is to determine for a soluble Lie algebra L 
which irreducible L-modules A have the property H1(L, A) = 0. We prove the 
following theorem. 
THEOREM 1. Let L be a soluble Lie algebra and let A be an irreducible L- 
module. Then H1(L, A) = 0 if and only if L has no complemented chief factor 
isomorphic to A. 
We use this result (and an extension of it which holds for characteristic 0) 
to obtain a cohomological characterization of the class of supersoluble algebras 
in the case of nonzero characteristic, and of direct sums of semisimple and 
supersoluble algebras for characteristic 0. All algebras and modules considered 
are finite-dimensional over some field F. 
Many Lie algebra results are analogues of theorems on finite groups. In this 
case, the Lie algebra results came first. Analogous results for p-soluble groups 
are proved by largely analogous methods in the accompanying note “First 
cohomology groups of p-soluble groups.” 
LEMMA 1. Let N be an abelian ideal of the Lie algebra L, and let A be an 
L/N-module. Then the transgression map Q-: Hl(N, A)L + H2(L/N, A) of the 
Lyndon-Hochschild-Serre spectral sequence, maps f E HI(N, A)L = Hom,(N, A) 
to T(f) = -f*(h), where h E H2(L/N, N) is the cohomology class of L as an 
extension of N by L/N, and f *: H2(L/N, N) ---f H2(L/N, A) is the map induced 
byf. 
Proof. Following Hochschild and Serre [2], we take the complex CL(L) A) = 
(f: Ln - A / f n-linear, alternating) with filtration @°C1z = C” and 
@Cn = (f E C” ~ f(xl ,..., zn) = 0 whenever x, , .~,~~r ,..., x, E N) 
for a: > 0. The element f E Hom,(N, A) may be regarded as an equivalence 
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class of elements of Cl& A), two functions from L to A being equivalent if 
they coincide on N. We choose a representative 4 of this class such that S+ E Qi2C2. 
It then follows that (6$)(x, , x2) depends only on the cosets x1 + N, xp + N, 
and hence may be regarded as an element of Z2(L/N, A). The cohomology class 
of this element is I by the definition of the transgression. 
We choose a subspace U complementing N in L. For ur , u2 E U and n, , n, E N, 
we have 
where i’@a is the unique element of U in uluz + N, z E Z2(L/N, N) and 
h = z + B2(L/N, N). We define+: L -+ A by putting$(u + n) = f(n) for u E U 
andnEN.Forxi=ui+ni,wehave 
@4(% 1 x2) = %+(x2) - x25%4 - 9vv2) 
= xJk-4 - x2fW - fbv2 - ~1 + z(ul + N ~2 + 4) 
= -f(.+ + N 32 + W 
since f: N---f A is an L-module homomorphism. Thus T(f) = -f*(h), as 
asserted. 
LEMMA 2. Let N be an abelian minimal ideal of L and let A be an irreducible 
L/N-module. Let 7: H1(N, A)L + H2(L/N, A) be the transgression map. Then 
(a) T = 0 if L splits over N, and 
(b) r is injective if L does not split over N. 
Proof. [a) IfL splits over N, then h = 0 and T(f) = -f*(h) = 0 for all f. 
(b) Iff # 0, f E Hom,(N, A), then f is invertible and it follows that f * 
is also invertible. Since L does not split over N, h # 0 and so T(f) = -,f *(h) # 0 
for all f # 0. 
We are now ready to prove Theorem 1. We simultaneously prove Theorem 2. 
THEOREM 2. Let L be a Lie a&ebra over a$eld F of characteristic 0, and let A 
be an irreducible L-module. Then H1(L, A) = 0 if and only if L has no abelian 
complemented chief factor isomorphic to A. 
Proof of Theorems 1 and 2. Theorem 1 is trivial if L = 0, and Theorem 2 
holds by the Whitehead Lemma if L is semisimple. We use induction over 
dim L, and we may suppose that L has an abelian minimal ideal N. 
(a) Suppose H1(L, A) = 0 and A is isomorphic to an abelian comple- 
mented chief factor of L. Let N be an abelian minimal ideal of L. Then N acts 
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trivially on every abelian chief factor of L, and hence acts trivially on A. From 
the exact sequence 
0 --f Hl(L/N, A) + Hl(L, A), 
we have Hl(L/N, A) = 0. By induction, L/N has no abelian complemented 
chief factor isomorphic to A. By assumption, A is isomorphic to such a chief 
factor of L, so we have A ‘v N and L splits over N. In the exact sequence 
HAL, A) -- Hl(N, AY L H2(L/‘N, A), 
we have H’(L, A) = 0, H1(N, A)L = Hom,(N, A) # 0, and r = 0 by Lemma 2, 
contrary to the exactness of the sequence. 
(b) Suppose either that L is soluble or that char F = 0, and suppose that L 
has no abelian complemented chief factor isomorphic to A. Let N be an abelian 
minimal ideal of L. We use the exact sequence 
0 -+ H’(L/N, AN) - H1(L, A) - Hl(N, A)L 2, H2(L/N, A”). 
If N acts nontrivially on A, then A N = 0 and, since N is abelian, H1(N, A) = 0. 
It then follows that H1(L, A) = 0. Suppose N acts trivially on A. Then by 
induction, we have Hl(L/N, A) = 0. If N is not isomorphic to A, then 
Hl(N, A)L = Hom,(N, A) = 0 and H1(L, A) = 0 follows. If N is isomorphic 
to A, then by our assumptions, L does not split over N. Thus T is injective by 
Lemma 2, and Hl(L, A) = 0 follows. 
Remark 1. The assumption that L is soluble cannot be omitted in the case of 
a nonzero characteristic. Suppose L is a nonabelian simple Lie algebra with 
nonsingular Killing form over a field F of nonzero characteristic. Then we 
cannot have H1(L, A) = 0 for every irreducible L-module A not isomorphic to 
a chief factor of L. If this were true, we would have W(L, A) = 0 for every 
irreducible L-module, as Hl(L,L) = 0 follows from the nonsingularity of the 
Killing form. It then follows that H1(L, A) = 0 for all L-modules, whether 
irreducible or not, and that all L-modules are completely reducible, contrary 
to Jacobson [3, p. 205, Theorem 21. 
Remark 2. Theorems I and 2 do not extend to the higher cohomology 
groups. Let L be a soluble Lie algebra having irreducible modules A, B such 
that A @ B has a composition factor not isomorphic to A or B or any com- 
plemented chief factor of L. [For example, we may take L = (e) with A, B 
one-dimensional modules on which e acts identically, ea = a, eb = b for all 
a E A, b E B. We have C = A @ B with ec = 2c for all c E C. Thus C is not 
isomorphic to A or B and is not isomorphic to a chief factor of L provided 
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charF # 2.) By replacing L by a factor algebra, we can ensure that L acts 
faithfully on A @B. By defining 
(a, b, c)(a’, b’, c’) = (0, 0, a @ b’ - a’ @ b), 
we make N = A @B @ (A @ B) into a nilpotent Lie algebra with Frattini 
subalgebra Q(N) = N’ = A @ B. Since L acts faithfully as an algebra of deri- 
vations of N, we can form the split extension E of N by L. By our choice of A 
and B, an E-chief series of N’ has a factor H/K not isomorphic to A, B, or any 
complemented chief factor of L. Clearly, H and K can be chosen such that no 
such factor appears in an E-chief series of N’IH. Since H < N’ = Q(N) < Q(E), 
E/K does not split over H/K. Thus H2(E/H, H/K) # 0, but E/H has no com- 
plemented chief factor isomorphic to H/K. 
THEOREM 3. Let L be a Lie algebra over a field F of characteristic 0. Then L is 
the direct sum of a semisimple algebra and a supersoluble algebra if and only $ 
Hl(L, A) = 0 for every irreducible L-module A of dimension greater than 1. 
Proof. If L is the direct sum of a semisimple algebra and a supersoluble 
algebra, and if A is an irreducible L-module of dimension greater than 1, then 
L has no abelian complemented chief factor isomorphic to A. By Theorem 2, 
H1(L, A) = 0. 
Suppose conversely that H1(L, A) = 0 for every irreducible L-module A 
of dimension greater than 1. The result holds if L is semisimple, so we may 
suppose that L has an abelian minimal ideal N. If A is an irreducible L/N- 
module of dimension greater than 1, then HI(L, A) = 0 by assumption, and the 
exact sequence 
0 -+ H’(L/N, A) + Ht(L, A) 
gives Hl(L/N, A) = 0. By induction, L/N has the structure asserted. Thus if R 
is the radical of L and S is a Levi factor, then L/N is the algebra direct sum of S 
and R/N, and R/N is supersoluble. If dim N = 1, then R is supersoluble and S 
is represented on R by nilpotent linear transformations. Since S is semisimple, 
this implies SR = 0. 
Suppose dim N > 1. If S acts nontrivially on N, then Ns = 0. Also 
H1(S, N) = 0 and H2(S, N) = 0 by the Whitehead lemmas. Thus H”l(L/S + N, 
He(S + N/N, N)) = 0 for /l < 2, and it follows that H2(L/N, N) = 0. If on 
the other hand, S acts trivially on N, then N is irreducible as an R-module. By 
Barnes [I, Theorem 31, we then have He(R/N, N) = 0 for all /J, and again it 
follows that H2(L/N, N) = 0. Thus N is an abelian complemented chief factor 
of L. By Theorem 2, Hl(L, N) # 0 contrary to assumption. 
COROLLARY. Let L be a Lie algebra over an algebraically closed$eld of charac- 
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teristic 0. Then a Levi factor of L is an ideal if and only if H1(L, A) = 0 for every 
irreducible L-module A of dimension greater than 1. 
Proof. The radical of L is supersoluble. The result follows immediately 
from Theorem 3. 
THEOREM 4. Let L be a Lie algebra over a field of nonzero characteristic. 
Then L is supersoluble if and only if H1(L, A) = 0 f or every irreducible L-module A 
of dimension greater than 1. 
Proof. That a supersoluble algebra has the asserted property follows imme- 
diately from Theorem 1. Suppose conversely, that H1(L, A) = 0 for every 
irreducible L-module A of dimension greater than 1. If dim L = 1, the result 
holds, so suppose dim L > 1. If L is simple, then the only one-dimensional 
L-module is the trivial module F, and H1(L, F) = 0 since L = L’. We then have 
H1(L, A) = 0 for all L-modules A, and all L-modules are completely reducible, 
contrary to Jacobson [3, p. 205, Theorem 21. Hence L is not simple. Let N be 
a minimal ideal of L. As in the proof of Theorem 3, we obtain that L/N inherits 
the property assumed for L. By induction, L/N is supersoluble. We have to 
prove that dim N = 1. If N1 is another minimal ideal of L, then L/N, also is 
supersoluble and the result follows. Hence we may suppose that N is the only 
minimal ideal of L. 
Suppose N is nonabelian. By assumption, H1(L, N) = 0. Since NN = 0, the 
exact sequence 
0 ---f Hl(L/N, NN) + H1(L, N) -+ H1(N, N)L --f H2(L/N, NN) 
gives Hl(N, N)L 1 0. Take any x EL. We have the derivation d,: N + N 
defined by d,(n) = xn for all n E N. Since d, E Zl(N, N) and H1(N, N)L = 0, 
for any y EL, yd, E Bl(N, N). Thus there exists n, E N such that Sn, = yd, , 
that is, 
(A)(n) = y(444) - d&4 = nny 
for all n EN. From the definition of d, and using the Jacobi identity, we obtain 
n(xy - n,) = 0 for all n EN. Thus xy - n, E gL(N) = 0, and it follows that 
xy E N for all x, y EL. Now consider D,: L --+ N defined by D,(y) = xy. Then 
D, E .P(L, N) and, since Hl(L, N) = 0, D, E B1(L, N). Thus there exists 
m, E N such that D, = am, ; that is, xy = ym, for ally EL. But then x + m, E 
S?(L) = 0, and so x E N. Thus L = N and L is a nonabelian simple Lie algebra, 
which has already been shown impossible. Therefore N is abelian and L is 
soluble. If dim n > 1, then L splits over N by Barnes [l, Theorem 61, and then 
Hl(L, N) # 0 by Theorem 1, contrary to hypothesis. 
Remark 3. Theorems 3 and 4 do not extend to soluble algebras of chief 
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dimension greater than 1, where by chief dimension, we mean the maximum 
of the dimensions of the chief factors. Let 01, ,6 be roots in some extension field, 
of the irreducible polynomials f(x), g( x over F of degrees r, s > 1, such that ) 
a: + /3 has degree rs over F. Take L = (e), and let A, B be L-modules of 
dimensions r, s on which e is represented by linear transformations with minimum 
polynomialsf(x), g(x). Then A @ B is an irreducible L-module of dimension rs. 
The construction of Remark 2 gives a Lie algebra E for which fP(E, V) = 0 for 
every irreducible E-module V of dimension greater than max(r, s}, but chief 
dim E = rs. 
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